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Mathematical Models of the Monolith 
Catalytic Converter: 
Part 11. Application to Automobile Exhaust 

LARRY C. YOUNG 
and 

BRUCE A. FINLAYSON 

Calculations are done for a series of mathematical models for a mono- 

Phenomena studied include axial conduction in the wall, diffusion and 
conduction in the gas in a transverse direction perpendicular to the flow 
direction, multiple steady states, and transients giving wall temperatures 
exceeding the adiabatic temperature. 

lith catalytic converter to oxidize carbon monoxide in automobile exhaust. 

Department of Chemical Engineering 
University of Washington 

Seattle, Washington 98195 

SCOPE 
For better or for worse, the use of catalytic converters 

to reduce automobile emissions of carbon monoxide and 
hydrocarbons has become a reality. Two types of catalytic 
converters are used for this application: packed beds 
and monoliths. The present study is concerned with 
mathematical models for the monolith converter. The 
simplest model which will give realistic predictions is 
determined, and the model calculations illustrate the 
important phenomena occurring in the device. 

Although conyiderable attention has been devoted to 
modeling packed-bed converters (Wei, 1975), little pub- 
lished information is available on modeling monolith 

Larry C. Young is with Amoco Production Company, Tulsa, Oklahoma. 

converters. Kuo (1973) developed a lumped parameter 
model for the monolith converter, which has been used 
by eight automobile and oil companies. Votruba et al. 
(1975) have also presented a similar model. Both these 
models include axial conduction in the wall. Hegedus 
(1974) neglects axial conduction. In a preliminary study, 
Young and Finlayson (1974) proposed and solved two 
models for the monolith, which cast some doubt on the 
validity of the simpler models. The essential question 
is whether or not to include diffusion and conduction in 
the fluid in a transverse direction perpendicular to the 
flow (and duct) axis, as did Young and Finlayson, or 
whether a simple lumped parameter model of this phe- 
nomenon, with specified Nusselt and Sherwood numbers, 
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is sufficient, as was done by Kuo, by Hegedus, and by 
Votruba et al. 

In the present study, calculations are done for a series 
of mathematical models. Comparison of the results en- 
ables the choice of the simplest model which can be 
used for realistic predictions. The question of diffusion 
and conduction perpendicular to the flow axis is con- 
sidered, as well as the importance of axial conduction in 
the wall and peripheral diffusion and conduction in the 
wall around the duct. The effect on the reaction rate 
of diffusion limitations in the porous substrate is also 
included. The results provide a complete study of the 
types of phenomena occurring in monolith devices. 

One of the important limitations to the use of mono- 
lith reactors in automobiles is peak overtemperatures 
which cause the solid walls to melt or deform, which 
eventually leads to the destruction of the device (Mor- 
gan, et al., 1973). Calculations are done to investigate 
this phenomenon and its dependence on transverse diffu- 
sion and conduction in the fluid, axial conduction, and 
the presence of significant amounts of hydrogen. Model 
calculations also illustrate the effect of different duct 
shapes on the performance of the converter. Steady state 
and transient simulations are included, with transient 
models being especially important for application to 
automobile exhaust. 

CONCLUSIONS AND SIGNIFICANCE 
The most important transport phenomenon which must 

be included in a model of the monolith reactor is the 
diffusion and conduction of species and energy in the 
fluid in a transverse direction perpendicular to the duct 
axis. Lumped parameter models with Nusselt and Sher- 
wood numbers assigned a priori do not suffice unless 
multiple steady states are not predicted. Unfortunately, 
for realistic conditions for treatment of automobile ex- 
haust, multiple steady states are predicted to occur, and 
lumped parameter models are unsuitable. 

Axial conduction in the solid is sometimes imoortant, 
and its inclusion in the model tends to reduce the tem- 
perature gradient at the point where the reaction lights 

off and to reduce the peak overtemperature during tran- 
sient and steady state simulations. Both effects tend to 
shorten the computation time for transient simulations 
when axial conduction is included rather than excluded. 
Peripheral variations of temperature and concentration 
around the duct at a given axial location are predicted 
to occur, but the effect on the overall performance of the 
converter is negligible. If hydrogen is modeled as a 
separate species, rather than relating it strictly to the 
carbon monoxide concentration, the peak overtemoera- 
tures are larger, but still not suEcient to came melting 
of the converter during normal operation of the auto- 
mobile. 

MODEL DEVELOPMENT 

The monolith converter consists of a number of cells 
or ducts through which the exhaust gas flows. A diagram 
of a single square cell is shown in Figure 1. Other cell 
shapes are possible, and those considered in this study 
are shown in Figure 2. 

The monolith converter consists of the three regions 
shown in Figure 1: a laminar flow region, a porous 
catalytic layer, and a relatively nonporous substrate. A 
cell is typically 1.3 mm wide, the catalytic layer is ap- 

proximately 0.025 mm thick, and the substrate is typi- 
cally 0.25 mm thick. A typical converter will contain 
thousands of these cells. After an initial length in which 
the velocity profile develops, the fluid flows in laminar 
flow through each cell. The reactants in the fliiid diffuse 
to the wall and into the catalytic layer, whew the reac- 
tion occurs; the heat generated and the reaction prod- 
ucts diffuse back to the fluid and are carried downstream. 
All of the models studied here embody the assumption 
that the velocity profile of the fluid is fully developed 
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Fig. 2. Cross sections used in this study. Compared at constant rh. 
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TABLE 1. RATE EXPRESSIONS 

P1: -rco = 5 340 yozyco kg mole 

yo2 + 1.33 yco2 exp ( 6  111 " W T )  
4.6 

sm3 

throughout the converter, since a detailed analysis re- 
veals that the effect of the velocity profile developing 
near the inlet is small. The models embody the assump- 
tion that heat conduction perpendicular through the 
wall is sufficiently fast that temperature variations in 
this direction are small. The interaction of diffusion and 
reaction in the catalytic layer in the direction perpendicu- 
lar to the wall is accounted for by either using an ap- 
parent reaction rate based on the conditions at the fluid- 
solid interface or by using a conventional effectiveness 
factor. The validity of these assumptions are considered 
in detail elsewhere (Young, 1974), and they appear to 
be valid provided that diffusion and reaction in the 
catalytic layer do not interact to cause multiple steady 
state solutions. This latter result does not sppear likely 
for parameter values of interest. 

The model equations are developed from the funda- 
mental equations of change in Part I. The different models 
and the phenomena they include are summarized in 
Table 4 of Part I, to which the readers should refer 
frequently to orient their thinking. The only part of the 
model not discussed in detail in Part I is the reaction 
kinetics, which is discussed below. 

Typically, a platinum catalyst is used in the monolith 
converter. The oxidation of carbon monoxide on platinum 
is generally agreed to be first order in oxy,cen and in- 
versely proportional to carbon monoxide (Langmuir, 

15 c 
0 
0 

I 
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0 0.01 0.02 0.03 0.04 
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Fig. 4. Apparent rate of reaction (including diffusional limitations). 
1-Kinetics P1; 2-Kinetics P2, Dfco/Dsco = 70; 3-Kinetics P2, 

D*CO/DSCO = 20. 

1922; Harned, 1972; Schlatter et al., 1973; Wei, 1975). 
The rate expression is negative order in carbon monoxide 
owing to the strong adsorption of carbon monoxide 
on platinum. Exact kinetic information is not available. 
We use here the expression P1 in Table 1 which approxi- 
mates the data reported by Sklyarov et al. (1969) for 
the oxidation of carbon monoxide on platinum wire, as 
well as the data for reaction in porous catalysts by 
Harned (1972). Expression P1 is assumed to be an 
apparent reaction rate and embodies internal diffusion 
effects. The second rate expression, (P2 in Table 1) 
used is that determined by Voltz et al. (1973). It was 
determined from data taken only at low temperature ( T  
< 400°C) so that the effects of diffusion in the catalyst 
would be small. Expression P2 is then regarded as an 
intrinsic reaction rate expression. 

The equation for diffusion and reaction in the catalyst, 
Equation (52) of Part I, is solved by using a combina- 
tion first-order collocation-asymptotic expansion (Finlay- 
son, 1974). By using reaction kinetics P2 in Table 1, 
the maximum error in the apparent reaction rate is only 
3% over the entire concentration and temperature range 
of interest. The effectiveness factors calculated in this 
manner are shown for Dfco/DSco = 70 in Fiqure 3. The 
resulting apparent reaction rate for P2 is compared to P1, 
which is assumed to be an apparent rate, in Figure 4. 
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Fig. 5. Steady state model predictions. Inlet T = 344°C and yco = 
4%. G = 0.0132 m3/s - - - - - Solid temperature, - Fluid 
average temperature; 1-Model I, 2-Model I-A, Nu = Sh = 3.5; 
3-Model II, 4-Model 11-A, 5-Model Ill-A. Square duct P1 kinetics. 
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Interestingly, at high temperature, internal diffusion 
changes the negative order carbon monoxide dependence 
of the apparent rate. 

In the model calculations, several assumptions regard- 
ing the hydrogen and hydrocarbon reactions are made. 
As assumed by Kuo et al. (1971), the ratio of hydrogen 
to carbon monoxide is assumed to be 1:3 everywhere 
in the converter, and the heat of reaction is determined 
accordingly. The concentration of oxygen in the reactor 
is assumed to be determined by stoichiometry; that is 

and E = 0.03 in the calculations. These assumptions are 
strictly valid only when the ratio of hydrogen to carbon 
monoxide is 1:3 at the reactor inlet, when the reaction 
rate of hydrogen is one third of that for carbon mon- 
oxide, and when the diffusivities of hydrogen, carbon 
monoxide, and oxygen are all equal. Since oxygen is 
usually present in considerable excess, this assumption 
regarding its concentration should give satisfactory re- 
sults. Langmuir (1922) reports that hydrogen reacts 
in a manner similar to carbon monoxide on a platinum 
catalyst, and the inlet ratio of hydrogen to carbon mon- 
oxide is usually assumed to be determined by the equilib- 
rium of the water-gas shift reaction, which gives an inlet 
ratio of roughly 1:3. [Wei (1975) lists ratios from 1:2 
to 1:4.] On the other hand, the diffusivity of hydrogen 
is much greater than that for carbon monoxide. Some 
of the calculations below are made by modeling hydro- 
gen as a separate specie to test the importance of this 
last assumption. 

Hydrocarbons are present in very low concentrations 
and do not contribute a great deal to the heat generated 
in the converter. Even though Harned (1972) and Voltz 
et al. (1973) report coupling between the hydrocarbon 
and carbon monoxide reactions and the outlet concen- 
tration of hydrocarbons is important, they are not in- 
cluded in the calculations. The present study is aimed 
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rh = 0.305mm 
c = 2/3 
L = 0.102m 
A, = 5.53 x lO-3m2 
( 
eS = 0.4 

= 0.0152 mm for P1; 0.0254 mm for P2 

at determining the essential features of the converter 
which must be included in a converter model. 

In all, five converter models listed in Table 4 of Part 
I have been solved numerically by using the orthogonal 
collocation method as described in Part I. Unless other- 
wise specified, the geometric properties of the ( onverter 
are specified at the values shown in Table 2. Physical 
property values and other constants are listed in the 
nomenclature of Part I. These parameter values corres- 
pond closely to those of an Engelhard PTX-4 converter. 

The parameters in Table 2 specify everything about 
the converter geometry except the cell shape. shapes 
considered here are shown in Figure 2. The shapes are 
compared for constant hydraulic radius, void fraction, 
superficial surface area, converter frontal area, and con- 
verter length, that is, those parameters listed in Table 2. 
Although the pressure drop through monoliths is usually 
small, the pressure drops will not be the same nhen this 
comparison is used. The pressure drop will decxrease as 
follows: rectangle, circle, square, and trapezoid. 

MODEL DISCRIMINATION 

The converter models have been compared foi a num- 
ber of inlet conditions, flow rates, and rate expressions 
(including first order). A typical compaiison ot all five 
models is shown with P1 kinetics used in Figure 5 .  

The comparison of models I and I1 was the subject 
of a previous paper (Young and Finlayson, 1974) and 
illusti ates the importance of transverse diffusion and 
conduction compared to a lumped parameter model. The 
equations for model I are the same as those studied by 
Liu and Amundson (1962) and exhibit multiple solu- 
tions for some rate expressions and parametei values. 
The analysis of Liu and Amundson can be applied directly 
to determine the conditions under which multiple solu- 
tions can occur for the parameter values in Table 2 and 
the rate expressions in Table 1. With both rate expres- 
sions P1 and P2,  model I predicts multiple 5olutions 
over a wide range of conditions, and this range is in- 
creased by small values of the Nusselt and Sheiwood 
numbers. In Figure 5 the highest and lowest tempera- 
ture solutions for model I are shown. The lowest solu- 
tion is typical of a situation where the converter is heated 
from an initial low temperature, while the highest solu- 
tion results when the converter is cooled from some 
initial high temperature. An infinite number of steady 
state solutions are possible, and they lie between those 
shown in Figure 5. 

Interestingly enough, model I1 can predict but one 
steady state solution, provided that diffusion and reac- 
tion in the catalytic layer do not interact to cause multiple 
solutions to Equation (52) of Part I (Young. 1974). 
Figures 3 and 4 illustrate that this last possibility does 
not occur for parameters of interest, e\en though the 
form of the rate expression might allow it. Figure 5 
shows that the lowest solution to modd I piedicts a 
discontinuouy axial solid temperature profile. A discon- 
tinuous profile will always cause the distributed param- 
eter fluid model I1 to predict infinite Nusselt and Sher- 
wood numbers, and model I with infinite Nusselt and 
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TABLE 3. VALIDITY OF DIFFERENT MODELS 

Steady state conditions Valid models Invalid models 

1. When reaction rate and transport rat& 
allow multiple steady states [determine 
using Liu and Amundson (1962) anal- 
ysis] : 
a. High inlet temperature and concen- 

tration; model 11-A predicts either 
complete conversion or a reduction 
zone at the inlet 

b. Intermediate inlet temperature; 
model I1 does not predict complete 
conversion, but does predict light 
Off 

c. Low inlet temperature and concen- 
tration; model 11-A may predict two 
solutions, one of which doesn't light 
off (as in Figure 8) 

d. Lowest inlet temperature and con- 
centration; model 11-A does not 
light off 

2. When reaction rate and transport rates 
preclude multiple steady states 

Transient conditions 
1. Heating (Ts everywhere increasing) 

2. Cooling (Ts anywhere decreasing) as 
in deceleration (Figure 9)  

All models 

I (lowest T solution) 
11, 11-A, 111-A 

11-A 

I, I-A (lowest T solution) 
11, 11-A, 111-A 

All 

All models 

11-A, 111-A 

Phenomena Model: 111-A, 11-A I1 
Number of steady state solutions l o r 2  1 
Peak transient wall temperature Intermediate Hiehest 
Peak temperature due to hydrogen 

Sherwood numbers can predict but one steady state 
solution. Model I1 does not predict infinite Nusselt and 
Shenvood numbers in the reaction zone, since there is 
no discontinuity; however, Figure 6 shows that the 
Nusselt and Sherwood numbers predicted by model I1 
do reach large values in the reaction zone. In model 11, 
as the reaction lights off, the heat transfer coefficient 
automatically increases, thus negating the possibility of 
multiple steady states occurring. 

Both models I and I1 neglect axial conduction and 
diffusion in the solid phase. Eigenberger (1972) has 
made computations with a packed-bed reactor model 
which is essentially the same as model I-A and compares 
these results to those predicted by model I for condi- 
tions under which model I predicts multiple solutions. 
He  finds that the two models can predict vastly different 
results. For this reason, the importance of using a dis- 
tributed parameter fluid model is also discussed by com- 
paring models I-A and 11-A. The reader should recall 
that both of these models include the axial conduction 
and diffusion effects and they only differ by the fluid 
model used. The validity of model I-A is important also, 
since this model is essentially the same as that developed 
by Kuo (1973) and Votruba et al. (1975), which is 
currently being used by industry. 

Typical predictions of models I-A and 11-A are illus- 
trated as curves 2 and 4 in Figure 5. Both of these models 
can, in principle, predict multiple steady state solutions, 
but, for the conditions illustrated, only a single solution 
exists. It is apparent from the results shown in the figure 
and from the results of Eigenberger (1972) that the 
prediction of model I-A will usually be erroneous. Trans- 
verse diffusion and conduction in the fluid are important, 
and a lumped parameter model is not sufficient, whether 
or not axial conduction is included. 

AlChE Journal (Vol. 22, No. 2) 

None 

I (highest T solution) 
I-A 

I, I-A, I1 

I, I-A (highest T 
solution ) 

None 

None 

I, I-A (may approach 
wrong steady state) 

I1 (peak Ts too high) 
I, I-A 

I-A I 
l o r 2  m 
usually none 

Lower High High Highest 

Fig. 6. Nusselt and Sherwood numbers. Inlet conditions as in Figure 5. 
Nu, - - - - Sh; 3-Model I I ,  4-Model Il-A. 

Figure 5 shows that the lowest solution to model I 
agrees most closely with model 11. Also, the solutions 
to models 11-A and 111-A (adding in axial and peripheral 
conduction) are in fair agreement with those of model 
11. Thus, the lowest solution to model I and the solu- 
tions to models 11, 11-A, and 111-A are usually roughly 
in agreement. On the other hand, Eigenberger (1972) 
finds that when the lowest solution to model I corresponds 
to a reaction that lights off at some point in the converter, 
when axial conduction is added in model I-A, there is 
only a single solution, and it corresponds closely to the 
highest solution of model I. Thus, the lowest solution 
to model I and the solutions to models 11, 11-A, and 
111-A usually agree roughly, and the highest solution to 
model I and the solution of model I-A agree. Since the 
highest solution to model I is erroneous, the solution to 
model I-A is also erroneous. 

We can now state limits on the validity of models I 
and I-A and summarize them in Table 3. If the reaction 
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Fig. 7. Peripheral variations of wall temperature and concentration 
far square. X = 1 corresponds to the corner, and X = 0 i s  halfway 
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3 - 0 . 4 5 ,  4-0.475, 5-0.5. 

kinetics are such that model I predicts only a single 
steady state solution, then both models I and I-A will 
be adequate. The number of steady states predicted 
by model I can be determined by applying the simple 
procedures outlined by Liu and Amundson (1962). For 
the reaction kinetics which occur in practice, model I 
predicts multiple solutions over a wide range of condi- 
tions. In this case only the lowest solution to model I 
resembles those predicted by the more comprehensive 
models, and the solution to model I-A and the highest 
solution to model I will be erroneous. This result justifies 
the entries in Table 3 under steady state lb.  

These conclusions as to the validity of model I-A are 
in contrast to current industrial practice. Model I-A was 
proposed by Kuo (1973) and Votruba et al. (1975) 
and has been used extensively by industry. There is one 
possible exception to our conclusions. If the solid thermal 
conductivity and/or wall thickness are much greater than 
the typical values used here, then model I-A may become 
valid. This speculation is advanced because, as shown 
in Figure 6, axial conduction decreases the magnitude 
of the Niisselt antl Sherwood numbers in the reaction 
zone. In the limit of large thermal conductivity, the peak 
values of the Nusselt and Sherwood numbers might be 

reduced to the final asymptotic values so that models 
I-A and II-A would agree. These conditions are far re- 
Moved from those that occur in practice, however. 

The Nusselt and Sherwood numbers for the P1 kin- 
etics with models I1 and II-A are shown in Figure 6. 
Unlike the circular duct, there are three fundamental 
asymptotic Nusselt numbers for square and other two- 
dimensional ducts. In addition to the constant tempera- 
ture problem there are two constant flux problems. The 
first is constant flux axially and peripherally, and the 
second is an axially constant peripherally averaged flux 
with constant temperature around the periphery. For the 
square duct, the asymptotic Nusselt numbers are 2.98, 
3.09, and 3.61, respectively. These asymptotic I alues are 
illustrated on tlie figures for comparison. For model 11, 
the Nusselt and Sheiwood numbers are equal. From 
Figure 6 it is apparent that axial conductiou reduces 
the peak values of the Nusselt and Sherwood numbers 
in the reaction zone. This result occurs because axial 
conduction reduces the magnitude of the axial gradients 
in the solid. Since axial diffusion is unimportant, the 
peak value of the Sherwood number in the reaction zone 
is greater than the peak value of the Nusselt number. 

By observing the Nusselt and Sheiwood numbers in 
Figure 6, the monolith can be characterized as follows. 
In the reaction limited region, the Nusselt and Sherwood 
numbers from the solution of models I1 and II-A and 
the Nusselt number from model III-A appioach the 
asymptotic values for constant average flux antl uniform 
temperature around the periphery, 3.61 for the square. 
In this region, the Sherwood number from model III-A 
(not shown in Figure 6)  approaches the asymptotic value 
for axially and peripherally constant flux, 3.09 for the 
square. When the reaction lights off, the Nusselt and 
Sherwood numbers rise drastically and then decrease 
to the constant temperature value (2.98) in the mass 
transfer limited region. 

By comparing the results for models I1 and II-A, 
curves 3 and 4 in Figure 5, it is apparent that axial 
conduction and diffusion shifts the reaction zone up- 
stream. The distance the reaction zone is shifted is 
greater when the axial temperature gradients in the 
solid are large. As discussed below, with P 2  kinetics the 
effect is more severe than that illustrated in Figure 5. 
Calculations have also been performed with finite axial 
conduction with no axial diffusion. The results of these 
calculations agree closely with those of model II-A, so 
it can be concluded that the difference in the predic- 
tions of models I1 and II-A is due exclusivel: to axial 
conduction. 

By comparing the predictions of models II-A and 
III-A, curves 4 and 5 in Figure 5, the effect of finite 
rather than infinite peripheral conduction and diffusion 
can be determined. From these figures it is apparent 
that when peripheral variations are included in a model, 
the reaction zone is shifted only slightly. 

The small discrepancy between the predictions of 
models II-A and III-A appears to result primarily be- 
cause of slow diffusion around the periphery. The varia- 
tion of mole fraction and the maximum temperature varia- 
tion around tlie periphery are compared for models II-A 
and III-A in Figure 7. Fpr this case, the maximum tem- 
perature variation is on the order of 12°C. In other 
cases, the peripheral temperature variations are also 
small. Calciilations have also been performed with zero 
instead of finite peripheral diffusion, and the results are 
essentially the same as those shown in Figure 7. Thus, 
peripheral diffusion is negligible. The fact that model 
II-A assumes no variations around the periphery and 
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gives good predictions illustrates that the reaction is 
much less sensitive to mole fraction than to temperature. 

The discrepancy between the solution of models I1 and 
11-A, including axial conduction, is szmetimes greater 
than that shown in Figure 5. Hlav5cek and Votruba 
( 1974) have experimentally demonstrated that multiple 
steady states can occur in monolith converters. Although 
their converter was substantially different from those used 
in automotive application, it is of interest to see if the 
models can predict this phenomenon. 

Model I usually predicts an infinite number of steady 
states and is then invalid. Eigenberger (1972) has 
illustrated that model I-A can have two or three steady 
states depending on the axial boundary conditions. For 
the boundary conditions used here, only two steady states 
result with model I-A; however, model I-A is not always 
valid either. It can be proven theoretically that model I1 
can have only one steady state, so the important question 
is, can models 11-A or 111-A predict multiple steady states? 

A case in which model 11-A predicts two steady states 
is shown in Figure 8. In this case, model I1 would pre- 
dict light off with a reaction zone at the outlet if the 
flow rate were reduced to 0.0159 m3/s. Since model I1 
does not predict light off, there is one solution to model 
11-A which corresponds closely to that of model 11; how- 
ever, axial heat conduction is sufficient to sustain an 
additional solution to model 11-A which predicts light 
off. Under these conditions, model I-A also predicts two 
solutions, but, as usual, one of these is the unrealistic 
profile at the converter inlet. Also, if the Nusselt and 
Sherwood numbers in model I-A are reduced to 3.5, 
then model I-A predicts only a single solution, similar 
to the upper one in Figure 8. The results justify the 
entries in Table 3 under steady state lc. 

The calculations in Figure 8 are performed by  using 
the kinetic expression P2 in Table 1. Under similar con- 
ditions, multiple solutions could also be obtained by 
using expression P1 in Table 1; however, from the dif- 
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2 
Fig. 8. Steady state model predictions for square geometry. Inlet f = 
315"C, yco = 4%, G = 0.0151 m3/s, Dfco/Dsco = 70, 1 = 
0.0254 mm. - - - - - Solid temperature, - Fluid average tem- 

perature. P2 kinetics, model I-A: Nu = Sh = 4.0. 

A 

ference between the solution to models I1 and 11-A in 
Figure 5, the upper solution to model 11-A would be 
much nearer the converter outlet. Kinetic expression P2 
can cause a much larger discrepancy between models I1 
and 11-A than that found in Figure 5 with P1 kinetics. 
Other calculations suggest that if the solid diffusivity 
were changed to Dfco/Dsco = 20, then for the case in 
Figure 8 the upper solution to model 11-A would lie 
much nearer to the converter inlet than for the case 
illustrated. The apparent reaction rate plays a large role 
in determining the effect of axial conduction in the wall. 
Figure 8 clearly shows the type of discrepancies en- 
countered when model I-A is used and when the trans- 
verse diffusion and conduction in the fluid are neglected. 

L 

A 
Fig. 9. Solid temperature during deceleration. 1-Model Il-A for circle, 2-Model I I  for circle. P1 kinetics. i < 0: G = 0.0377 m3/s, 

yfo = 0.01, To = 371°C; t A 0: G = 0.0134 m3/s, yfo = 0.04, To = 371°C. 
A 
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Fig. 10. Steady state model predictions for circle (6) and square (4). 
Inlet conditions as in Figure 5. - - - - Solid temperature, - 

Fluid average temperature. P1 kinetics, model I l -A. 
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Fig. 11. Emission breakthrough for trapezoid (1) and rectangle (2): 

ycoS, -- Y C O ~ .  Inlet T = 427"C, yco = 2%, G 
= 0.0377 m3/s. PI kinetics, model I l -A. 
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For situations which exhibit a multiplicity of steady 
states, such as model I in Figure 5 and models I-A and 
11-A in Figure 8, the steady state eventually reached, 
with constant inlet conditions assumed, depends on the 
initial conditions of the monolith. If it is initially cold, 
the lower steady state will be realized, but if it is initially 
hot, the upper steady state will be realized. In these 
situations model I-A would not yield realistic results be- 
cause light off occurs upstream of that predicted by 
model 11-A in Figure 8 and is considerably upstream of 
the lowest steady state of model 11-A in Figure 8. Indeed, 
model I-A may predict the reaction lights off, as in 
Figure 8, whereas in fact it does not. 

Consider a transient example in which the inlet condi- 
tions change dras tically, corresponding rouqhly to an 
automobile decelerating from a highway cruising speed, 
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Fig. 12. Emission breakthrough for trapezoid (1) and rectangle (2): 

- - -  - -  YSC0, - ymco, Inlet T = 371"C, yco = 2%, G = 
0.0377 m3/s, P1 kinetics, model 11-A. 

The results predicted by models I1 and 11-A are 
shown in Figure 9. As in the steady state, model 11-A 
predicts a reaction zone which is closer to the iiilet than 
predicted by model 11. After S s, model IT piedicts a 
peak solid temperatuie which is 56" C above the ,\diabatic 
temperature. No such peak is predicted by model 11-A, 
possibly because the effect of axial conduction tends to 
smooth out the peak as soon as it is formed. Model 111-A 
(not shown) again agrees closely with model 11-A for this 
case. Model I predicts a final steady state which is not 
the lowest one and is therefore erroneous. Model I-A 
would predict a final steady state similar to that in 
Figure 5, which is also erroneous. 

In summary, the lumped parameter models (I md  I-A) 
give incorrect results when they predict niultipie steady 
states. Model 11, with a distributed parameter fluid model 
used and with axial conduction neglected, gives Teason- 
able predictions of the outlet conditions except in the 
region for which the addition of axial conduction (Model 
11-A) leads to another steady state. Model 11 cloes not 
usually give accnrate predictions of the internal profiles 
in the coim~rtrr .  h4ndel 111-A, incliitling peiipheral eon- 
duction and diffiision, gives predictions similar to those 
of model 11-A. Thus, the different phenomena can be 
rated in imporliince b y  transverse diffusion and conduc- 
tion in fluid >> axial conduction in wall >> peripheral 
variations on the wall. 

A 

C O M P A R I S O N  OF V A R I O U S  C E L L  SHAPES 

A number of previous papers deal with the effects of 
the monolith cell shape on converter performance (Heg- 
edus, 1973; Johnson and Chang, 1974; Heck et a1 1974). 
These papers all deal solely with the limiting case of 
infinite reaction rate. In this case, the relative perform- 
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ance of different cell geometries can be determined by 
comparing the values of the asymptotic Sherwood num- 
bers. Those with larger asymptotic Shenvood numbers 
give better performance. I t  is of interest to know how 
the cell shape aflects converter performance for condi- 
tions less severe than this limiting one. Model calcula- 
tions have been made for the cell shapes shown in 
Figure 2, and the effect of cell shape is compared on 
the basis established by Table 2. 

The case in Figure 5 has also been calculated for 
circular geometry. In Figure 10, the results for circular 
and square geometry predicted by model II-A are com- 
pared. Owiiig to the poorer heat transfer in the square 
geometry, more heat accumulates at the wall, which in- 
creases the reaction rate and causes the ieaction to light 
off nearer the inlet than in the circular duct. Thus, better 
transfer characteristics shift the reaction zone downstream; 
however, the degree of the shift is not substantial. 

For the cases illustrated in Figures 5 and 10, all models 
and geometries predict essentially complete conversion. 
The effect of geometry will be most pronounced under 
conditions when complete conversion does not result. 

Morgan et al. (1973) have discussed a phenomenon 
called emission breakthrough. Even though the converter 
is fully warmed up, some carbon monoxide can pass 
through unreacted. This phenomenon can occur when 
there is insufficient oxygen for complete conversion or 
owing to mass transfer limitations at high flow rates. 
When breakthrough occurs at high Row rates, the prob- 
lem is mosit significant, since automobile emission stan- 
dards are based on the weight of emissions. Examples 
of this type of situation are illustrated for model II-A 
in Figures 11 and 12. The calculations are performed for 
circular, square, rectangular, and trapezoidal cells, al- 
though only the results for the rectangle and trapezoid 
are illustrated. The results for the square and circle lie 
between those shown. The trapezoid cell with these 
aspect ratios is very similar to the corrugated monoliths 
currently in use and presumably will adequately predict 
the behavior of these monoliths. 

The emission breakthrough, defined as the ratio of 
outlet to inlet carbon monoxide concentration, is shown 
in Table 4. In each case, the relative performance of 
each cell varies according to its asymptotic Sherwood 
number. Those with larger asymptotic Sherwood numbers 
have less breakthrough. 

For the case wit11 an inlet temperature of 427"C, the 
breakthrough with the trapezoidal cell is almost four 
times that for the rectangular cell, while for the 371°C 
inlet temperature case the ratio is less than two. The 
reasons for this result can be found by comparing Figures 
11 and 12. In both cases the reaction zone for the trape- 
zoid is nearer the inlet than that for the rectangle, but 
for the 371°C case the reaction zones are more widely 
separated than for the 427°C case. The reaction lights 
off earlier for the trapezoid, since the poor heat transfer 
allows the solid to reach a higher temperature which 
enhances the reaction. At the lower inlet temperature 
the reaction zones are more widely spaced because the 
reaction must proceed further before it will light off. 
Downstream from the reaction zone the good mass trans- 
fer characteristics of the rectangle is an asset, and the 
mixing cup mole fraction approaches zero in a much 
shorter length than with the trapezoid. 

From the above discussion, it is apparent that a trade 
off exists in the performance of the various cell geometries. 
Converters with poor transferring geometries light off 
earlier than those with good transfer characteristics, and 
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TABLE 4. PREDICTED EMISSION BREAKTHROUGH 

Madel Geometry 

For Figure 11 
II-A Rectangle 
II-A Circle 
II-A Square 
II-A Trapezoid 

For Figure 12 
II-A 
II-A 
II-A 
II-A 
I1 
III-A 
I-A 
I 

Rectangle 
Circle 
Square 
Trapezoid 
Square 
Square 
- 
- 

Breakthrough 
ymco Iz= 1/y'co,o 

0.01396 
0.02764 
0.04695 
0.05060 

0.04906 
0.06587 
0.08590 
0.08992 
0.08793 
0.08406 
0.02017 
0.01921-0.03981 

Sh, 

4.44 
3.66 
2.08 
2.88 

4.44 
3.66 
2.98 
2.88 
2.98 
2.98 
4.00 
4.44 

early light off enhances conversion. For those with good 
transl'er characteristics, however, the mixing cup mole 
fraction approaches zero more quickly after the reaction 
zone, For the cases in Figures 11 and 12, the mixing 
cup mole fraction curves cross for all of the geometries, 
and good transfer characteristics prove to be advanta- 
geous. Under some conditions, when the breakthrough 
is greater than in these cases, for example, at higher 
Row rate or lower inlet temperature, the relative per- 
formance of the cell geometries will reverse and the 
mixing cup mole fraction curves will not cross. The emis. 
sion breakthrough can be reduced by increasing the con- 
verter volume, ancl for a pioperly sized converter a cell 
geometry with good transfer characteristics is preferable 
for the basis of comparison used here. If the calculations 
were compared on a basis with constant pressure drop 
and superficial surface area, then the results would be 
more favorable to the trapezoid and rectangle. 

The case in Figure 12 has been calculated by using 
the other models as well. Models 11-A and III-A again 
agree closely, ancl in this case model 11 also gives good 
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Fig. 13. Thermal warm-up response of converter. ~ Tm, 
_ _ - _ -  Ts, 1-trapezoid, 2-rectangle. P1 kinetics, model Il-A. 
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agreement. The high flow rate used in this calculation 
reduces the effect of axial conduction. Model I again 
predicts an infinite number of steady states, and model 
I-A predicts a single unrealistic steady state with light 
off at  the converter inlet. 

The converter cell geometry affects not only emission 
breakthrough but could also affect the warm-up re- 
sponse of the converter. Converter warm-up is particularly 
important, since federal emission standards are based 
on a driving cycle which is initiated by a cold start. 
The converter warm-up response is illustrated in Figure 
13 for rectangular and trapezoidal geometry. This transient 
has an initial solid temperature of 21"C, and at time 
zero the inlet conditions are changed to those in Figure 11. 

The thermal response of the converter is quite fast 
for this ideal step change in conditions. With 110th geom- 
etries, the converter is nearly at steady state after only 
12 s. The fast response in this case is due in part to 
the high Row rate; the response of the outlet mo!e 
fraction is eveit faster than the thermal response, and 
the outlet mole fraction reaches the steady sl-ate value 
in about 6 s in each case. A1,thougli the rectangular cell 
case warms up faster than the trapemitla1 cell case, the 
effect is not large. The transfer characteristics of the 
different shaped ducts do not appear to have a substan- 
tial effect on the transient converter response. 

Figure 13 also illustrates that the convertelr warms rip 
most quickly at the inlet. This result is important. Model 
11, or any other model which neglects the mass transient 
and axial conduction and diffusion effects, predicts that 
the conditions at any point in the converter are not 
effected by the phenomena occurring downstream. Tliere- 
fore, model 11 predicts that if the converter volume is 
increased to eliminate emission brealcthrough, the outlet 
mole fraction will never be greater than in a smaller 
converter. The response of the outlet temperature will 
be slower, but not the outlet mole fraction. Although this 
reasoning is not strictly applicable to models 11-A and 
111-A, it would presuma1)ly be approximately true, since 
the mass transient and axial conduction and diffiision 
effects are not iisually large. There will generally be no 
penalty during hansients in having a larger converter. 

CONVERTER OVERTEMPERATURE 

An important problem associated with 130th monolith 
and packed-bed converters is that under unusnal condi- 
tions the substrate can melt, causing converter failure 
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(Morgan et al., 1973). The exact nature of the inlet 
conditions which cause this problem are not known; 
however, it is reported to occur during sustained opera- 
tion at high engine power and during descent down long 
hills, since high reactant concentrations result (National 
Academy of Sciences Report, 1972). Temperatures of 
approximately 1 370°C are required for melting to occur. 

The most obvious explanation for this problem is that 
the inlet concentrations of carbon monoxide and hydro- 
carbons rela,cli values large enough to result in an adia- 
batic temperature in excess of 1370°C. For example, if 
the inlet temperature is 500°C and the inlet gas has a 
composition of 5% carbon monoxide, 1.7% hydrogen, 
and 1 % propylene, the adiabatic temperature would be 
1400°C. 

The adialmtic temperature is the maximum tempera- 
ture that the outlet fluid can reach. The question should 
be, can the solid temperature ever exceed this value? 
The answer is yes, and two situations which can cause 
excess temper:iiures are discussed below. 

For transients in which the front part of the converter 
cools, the solid temperature can exceed the madi'abatic 
value. A n  example of this phenomenon is shown in 
Figure 1.4. For this case, tlie initial solid tentlierature is 
773"C, and at time zero the inlet conditions are set at 
those for the case in Figure 5. The .adiabatic temperature 
for the final state is also 773°C. During the transient, 
the solid temperature reaches a value 36°C in excess 
of the adialiatic temperature. Of course, these conditions 
are not extreme enough to cause melting, but the calcula- 
tion does illustrate that temperatures i n  excess of the 
adiabatic value are possible. Other calculations suggest 
that the more extreme the conditions of temperature and 
composition tlie greater the overtemperature is likely to 
be. We note in Figure 9 that the inclusion of ;axial con- 
duction (model 11-A compared with model 11) tends 
to reduce the peak overtemperature. 

Overteinperature can also occur if the diffusivisties d 
some species are large. Fast diffusing species c m  diffuse 
to the wall and react faster than the heat generated can 
be conducted away, causing temperatures in excess of 
the adi'abatic value. In order for this phenomenon to 
occur, the S'cltinidt number for at least one reactant must 
be less than the Prandtl number. Hydrogen is the only 
specie pres'ent in exhaust gas (to any appreciab!e extent) 
which meets this criterion. Calculations and experiments 
demonstrating this phenomenon were reported by Heg- 
edus ( 1974). However, Hegedus considered only the 
mass transfer limited situation with model 1; thsat is, 

In  Figure 15 a steady state cal'culation is illustrated 
in wliicli hydrogen is modeled separ'ately from carbon 
monoxide. In this case, the following dmata are assumed: 

ysco = 0. 

Hco = 256 000 kJ/kg mole 

H H Z  = 244 000 kJ/kg mole 

S C H ~  = 0.15; t j f ~ ~ ~ , ~  = 0.0133 

The carbon monoxide kinetics and all other param- 
eters are the same as those for the case illustrated in 
Figure 5; that is, this case reduces to the case in Figure 
5 when the Schmidt number for hydrogen is changed 
to 0.7. The resulting solid temperature profiles pre- 
dicted by models I1 and 11-A are shown in Figure 15. 
For this case, the adiabatic temperature is again 773°C. 
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Fig. 15. Steady state solid temperature profile when hydrogen i s  
modeled separately from carbon monoxide. Inlet conditions as in Fig- 

ure 5. 1-Model II, 2-Model 11-A, P1 kinetics, square cell. 

Temperatures in excess of this value by  44” and 67°C 
are predicted by models 11-A and  11, respectively. Model 
I1 again predicts internal profiles different from the more 
accurate model 11-A. Interestingly, the 44” C overtem- 
perature results when the contribution of hydrogen to 
the total adiabatic temperature rise is only 104°C. The 
calculation illustrates that overtemperature can also occur 
owing to  the presence of hydrogen in  the exhaust gas. 
Presumably, in transients the overtemperature can be 
even larger. 
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NOTATION 

A, = 
D =  

6 =  
ki = 
L =  
Nu = 
r =  
rh = 
Sh = 
T =  
Y =  
z =  
€ =  

€, = 
5 =  

frontal area of monolith (m2) 

diff usivity 

volumetric flow rate a t  staiidard conditions (m3//s) 
rate constant 
length of monolith ( m )  
Nusselt number 
rate of reaction, kg mole/sni3 
hydsaulic radius, mm 
Shenvood number 
temperature (OK) 
mole fraction 
dimensionless length of monolith 
void fraction 
porous layer void fiiaction 
thickness of porous layer (mm) 
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Supencripta 
f = fluid 
m = mixing #cup average 
s = solid 
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